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The value of Mabs would tend to be near zero for 
random phases and of order unity for correct phases. 
In practice correct sets of phases are found to give 
values of Mabs in the range about 1.0-1.4.  While 
some incorrect sets of phases can also give values of 
Mabs of this magnitude it is unlikely that correct 
phases would give Mabs as low as 0.7, say. It should be 
stressed that no theoretical relationship has been 
found between Mabs and the probability of a set of 
phases being correct and that quoted judgments of 
the significance of values of Mabs are based on present 
experience - as yet limited. 

Table 4 shows the value of M as 1.13 for  the correct 
set of phases for raffinose (Berman, 1970) a trial struc- 
ture for trying out methods. 

Provision is made in F A S T A N  for the input of 
starting phases from cards. This is particularly useful 
when a recycling procedure is being used in which a 
number of phases have been calculated from a partial 
structure and are to be used as a basis for further 
pbase determination. In this case it is advisable to fix 
most of the input phases for the initial stages of phase 
determination. This ensures that the new phases 
determined conform to the input information before 
refining all the phases together. If the input phases are 
allowed to refine immediately it is not uncommon for 

t h e m  to change their values completely so they bear 
no relation to those input. 
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between our laboratories and also to the Science 
Research Council for its continuing support of our 
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referee whose constructive criticisms of the first ver- 
sion of this paper led to a number of improvements 
in the presentation of the material. 
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Short-Range Ordering of Vacancies and Fermi Surface of TiO 
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The structure of the disordered (high-temperature) phase of titanium monoxide has been studied by 
electron diffraction. Composition-dependent complex distributions of diffuse scattering are observed 
and interpreted in terms of short-range-ordered configurations of lattice vacancies. The proposition 
that the form of the diffuse scattering may correspond to ordering under the influence of long-range 
electronic energy terms and so show a direct relationship to the topology of the Fermi surface is ex- 
amined. 

Introduction 

The titanium monoxide phase has statistically the NaC1 
type structure at high temperatures and is stable over 
a wide composition range e.g. from TiO0.70 to TiO~.a5 
at 1400°C and from TiO0.90 to TiOI.E5 at 900°C and 
lower temperatures. The structure contains a large 
proportion of vacancies of both titanium and oxygen, 
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the relative number of each type depending on com- 
position. For TiO1.0 15 % of both kinds of site are 
vacant while TiO1.25 has all oxygen sites full but 22 % 
of the titanium sites empty. 

Below a certain composition-dependent critical tem- 
perature, varying from 990°C for TiO1.0 to about 
750°C for TiO~.zs, super-lattice structures are formed 
by the ordering of vacancies. These have been analysed 
by Watanabe, Castles, Jostsons & Malin (1967) and 
Watanabe, Terasaki, Jostsons & Castles (1968, 1969) 
on the basis of electron diffraction single-crystal pat- 
terns and by Hilti (1968) using X-ray diffraction pat- 
terns taken from crystals having a single orientation 
with respect to the basic NaCl-type structure but com- 



J. R. CASTLES, J. M. COWLEY AND A. E. C. SPARGO 377 

plicated by the twinning effects of the vacancy ordering. 
Electron diffraction patterns from samples quenched 

from temperatures above the critical temperature show 
diffuse scattering of very complicated form which may 
be attributed to a short-range ordering of vacancies 
although in this case the classification of the ordering 
as 'short-range' represents an extension of normal usage 
since it is clear from the sharpness of the features in 
the diffraction patterns that the ordering correlation 
extends over distances of the order of 100 A. 

In this paper we examine this diffuse scattering in 
some detail, showing that it bears no more than a 
remote resemblance to the patterns of sharp spots 
given by the ordered superlattice structures. We then 
examine the proposition that the form of this diffuse 
scattering may correspond to ordering under the in- 
fluence of long-range electronic energy terms and so 
shows a direct relationship to the form of the Fermi 
surface for disordered TiO (Cowley, 1969). 

The ordered superlattice structures 

Firstly, in order to facilitate discussion of the dis- 
ordered structures, we summarize the information 
available on the three types of ordered superlattice 
structure forming below the critical temperature. Since 
these structures are all based on the NaCl-type lattice, 
with only minor distortions, indices based on this fun- 
damental unit cell will be used throughout. 

The ordered TiO structure exists as a single-phase 
region from TiO0.90 to TiOvl0. The superlattice is 
monoclinic and may be described in terms of vacancy 
ordering on every third atomic plane normal to the 
[I10] direction. Within these planes half the titanium 
and half the oxygen sites are vacant in a regular, alter- 
nating array (Watanabe et al., 1967). The electron 
diffraction pattern from the (001) orientation of TiO~.0 
is shown in Fig. 1. The high symmetry of the super- 
lattice spots results from the superposition of patterns 
from a large number of small regions having a twinned 
relationship in which the fundamental NaCl-type lattice 
orientation is maintained but the superlattice forms 
by vacancy ordering on different equivalent sets of 
{110} planes. 

The TiOv25 superlattice structure exists as a single 
phase over a very narrow range of composition. It is 
tetragonal and isostructural with Au4Mn and Ni4Mo. 
The oxygen sublattice is full. It is the distribution of 
titanium atoms and vacancies on the titanium sublat- 
ticc which may be associated with the distribution of 
Au and Mn atoms, respectively, in the AuaMn struc- 
ture (Watanabe et al., 1968). 

The electron diffraction pattern for the (001) orien- 
tation of TiOa.25 is shown in Fig. 2. The multiplicity 
of superlattice spots again results from a twin rela- 
tionship between small regions in which vacancies 
order on equivalent {120} planes. 

In the range of composition TiO~.l to TiO1.25 there 
is a two-phase region with an intergrowth of very 

small regions of TiO1.0 and TIO1.25, sometimes only 
20 .h in one dimension (Watanabe et aL, 1969). 

In addition there is what has been called the 'transi- 
tion' structure, reported for the case of TIO0.67 by 
Watanabe (1965), which appears to represent art inter- 
mediate stage of ordering between TiO1.0 and the high- 
temperature disordered phase. It has now been ob- 
served over the whole range of composition from 
TiO0.9 to TiOa.25 under conditions for which incom- 
plete ordering seems reasonable, often in conjunction 
with either the TiO1.0 or TIO1.25 superlattice structure. 
The transition structure appears to be stable for a 
small temperature range near the disordering transition 
temperature. The vacancies appear to be ordered to 
the extent that they are concentrated on every third 
atomic plane normal to [110], but appear to be ran- 
domly arranged within these planes. The (001) electron 
diffraction pattern from this structure is shown in 
Fig. 3. 

Experimental 

Bulk specimens were prepared by melting together 
charges of iodide titanium and high purity TiO2 in an 
argon-atmosphere arc furnace. The TiO2 had pre- 
viously been sintered at 900°C for 12 hours in an 
oxygen atmosphere. 

The cast alloys were inverted and remelted several 
times and then further homogenized by heat treatment 
at 1400°C for about 10 hours in an argon atmosphere. 
In the case of TiO~.0, TIO1.19 and TIO1.25 specimens, 
the composition calculated from the relative weights 
of the reactants was checked by oxidizing parts of each 
homogenized alloy to TiO2 and measuring the gain in 
weight. The composition could then be determined 
with an accuracy of 0.2 at.% oxygen. For samples of 
TiOi.05 and TiO1.09 this check on composition was not 
made and the error in oxygen content could be as high 
as +0-5%. 

Samples of disordered TiO were prepared either by 
heating in a levitation furnace and quenching from the 
melt into a copper mould or else by heating in a resis- 
tance furnace and water-quenching from 1200 to 
1400°C. In spite of the rapidity of the quenching, dif- 
fraction evidence showed that the ordered transition 
structure tended to form unless samples were quenched 
from several hundred degrees above the critical tem- 
perature. This is confirmed by Hilti (1968) who ob- 
tained evidence of the transition structure in his X-ray 
diffraction patterns even after quenching TiOa.0 sam- 
ples from as high as 1200°C. 

The use of quenched specimens therefore is unsatis- 
factory in that the diffraction patterns obtained do not 
correspond to the equilibrium state at any particular 
temperature. It may be assumed only that if no super- 
lattice spots appear, the patterns represent the state of 
disorder existing in some range above the critical tem- 
perature. 

In order to avoid this difficulty it would be neces- 
sary to use more rapid quenching techniques or else 
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observe the diffraction patterns at temperature. For 
this latter purpose X-ray diffraction single-crystal 
studies would be necessary since the small specimens 
used for electron diffraction oxidize rapidly at high 
temperatures. In either case the thermal diffuse scat- 
tering would be intense. 

After quenching the bulk samples, slices I mm thick 
were cut using a spark etcher. These were metallo- 
graphically polished to a thickness of about 0.2 mm 
and then chemically etched in a solution of 33 % hydro- 
fluoric acid, 50 % nitric acid and 17 % water until the 
edges were thin enough for electron microscopy. 

The specimens were examined in a JEM-7A electron 
microscope operating at 100 kV. Electron diffraction 
patterns, representing almost planar sections of the 
distribution of scattering power in reciprocal space, 
were obtained for many different orientations each of 
several compositions from TiO~.0 to TiO~.25 in order 
to establish the three-dimensional distribution of dif- 
fuse scattering power and its variation with composi- 
tion. 

The diffuse scattering distributions 

Electron diffraction patterns taken from several orien- 
tations of crystals of composition TiOa.0, TIO1.19 and 
TiO1.25 are shown in Figs. 4, 5 and 6. Comparison with 
the patterns from the ordered superlattices, Figs. 1, 2 
and 3, immediately reveals the interesting situation 
that the diffuse scattering from the disordered samples 
shows little relation to the positions of the superlattice 
spots from the ordered materials of the same com- 
position. Thus the short-range ordering correlations 
existing above the critical temperature are not merely 
truncated forms of the long-range correlations existing 
in the superlattices at lower temperatures. 

The (001) pattern from disordered TiOv0, Fig. 4(a), 
shows a diffuse maximum at the 110 position, extended 
along the (110) directions, in place of the four spots 
around the 100 position in Fig. 1. Correspondingly the 
(110) pattern, Fig. 4(b), shows diffuse streaks along 
(110) directions peaking at 110 and 001 positions. For 
consistency with these observations, weak diffuse lines 
should appear at the 100 positions in the (001) pattern, 
corresponding to the section of a thin disc of scattering 
power perpendicular to the [100] direction, but this line 
is extremely weak and, while visible on the original 
plate, does not appear on the reproduction. 

The other prominent features of this (001) pattern 
are arcs joining pairs of diffuse spots which lie near 
the positions of the four sharp spots about the 100 
position in Fig. 1. 

A partial structural interpretation of the short-range 
ordered configuration is suggested by analogy with the 
ordered superlattice structure. The streaks through the 
110 positions suggest a concentration of vacancies on 
{I 10} planes but without the regular three-plane se- 
quence of the ordered lattice. The diffuse arcs around 
the 100 positions presumably indicate some ordering 

of vacancies within these planes but a detailed analysis 
awaits a more quantitative study of the diffuse inten- 
sity distribution. 

A completely different configuration of diffuse scat- 
tering is given by TiO1.25. In the (001) pattern, Fig. 
6(a), the streaks through the 100 positions are missing 
but now, around these positions, there are two parallel 
streaks normal to the [100] direction. In the (110) and 
(111) patterns, Fig. 6(b) and (c), equivalent streaks 
form the sides of oval shaped loops, bridged at the 
ends by diffuse maxima. These streaks are sections of 
pairs of parallel thin discs of diffuse scattering power 
with the space between them bridged at four corner 
points. In the (001) pattern, Fig. 6(a), the Ewald sphere 
passes between the two discs about the 110 position 
and cuts only the four bridges, giving the four diffuse 
maxima around the 110 position. 

These diffuse bridges could arise from a tendency 
for vacancies to concentrate on (110) planes, as in the 
ordered TiOi.0 structure, but with an irregular spacing 
of the planes such that the average separation differs 
from that in ordered TiO1.0. The parallel discs of scat- 
tering suggest that, within these (110) type atomic 
planes, the vacancies tend to form uncorrelated linear 
arrays in (001) directions with fairly regular discon- 
tinuities in the lines of vacancies, the form of the dis- 
continuities being that of a 'bad' anti-phase domain 
boundary in a face-centred cubic ordered alloy (see 
e.g. Moss, 1966). 

The only apparent connexion between the diffuse 
scattering of Fig. 6(a) and the pattern (Fig. 2) from 
the ordered material of the same composition, is that 
the sharp spots of Fig. 2 lie close to, but not on, the 
pairs of parallel streaks about the 100 positions. 

For the other compositions studied, the diffuse scat- 
tering is similar to that for TiO1.25 but with a progres- 
sive change in the dimensions and relative intensities 
of the features with composition. The similarity with 
TiOx.25 rather than with TiO~.0 persists not only for 
TiOl.19 which forms two-phase mixtures at low tem- 
peratures, but also for TiO1.05 and TiO1.09 for which 
the ordered structures follow that of TiO~.0. 

As the oxygen percentage decreases the TiO~.as pat- 
tern is modified. The twin discs of scattering power 
around the 100 positions come closer together and the 
four diffuse spots about the 110 position, correspond- 
ing to the bridges between the discs, become stronger 
and sharper. These changes are clearly seen in the pat- 
terns [Fig. 5(a) and (b)] given by TIO1.19. 

As the TiO~.0 composition is approached, the separa- 
tion of the twin discs of scattering decreases to zero 
to give, as a limiting case, the streak through I00 ob- 
served for TiOm.0. Notably, the arcs around the 100 
positions occurring in TiO1.0 patterns are not seen for 
other compositions. 

The form of the diffuse scattering for each composi- 
tion is sketched in Fig. 7 and the progressive change 
in the dimensions indicated in that Figure is shown bv 
the measurements recorded in Table 1. 
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Fig. 1. (001) diffraction pattern of ordered TiOl.0 showing 
superposition of many orientations. 

Fig. 2. (001) diffraction pattern of ordered TiOl.25; 

Fig. 3. (001) diffraction pattern of the 'transition' structure. 

[To face p. 378 
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(a) 

(b) 

(c) 

Fig. 4. Diffraction patterns of disordered TiO1.0. (a) (001) ori- 
entation, (b) (110) orientation, (c) (111) orientation. 
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(a) 

(b) 

(c) 

Fig. 5. Diffraction patterns of disordered TIO1.19. (a) (001) 
orientation, (b) (110) orientation, (c) (111) orientation. 
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(a) 

(b) 

(c) 

Fig. 6. Diffraction patterns of disordered TiOl.2s. (a) (001) 
orientation, (b) (110) orientation, (c) (111) o~ientation. 

[To face p. 379 
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Table 1. The changes in the lengths of  the vectors 1, 2 
and 3 shown in Fig. 7, as a function of  composition 

Composition Vector 
(x in TiOz) 1 

1.00 0.50 
1.05 0.47 
1.09 0.45 
1.19 0.43 
1.25 0.41 

Vector Vector 
2 3 

0.45 
0"53 
0"51 
0"51 
0"50 

The relation of diffuse scattering to the Fermi surface 

The sharpness of the diffuse features in the electron 
diffraction patterns illustrated indicates that the range 
of correlation in the positions of the vacancies is of 
the order of 50 to 100 A, This suggests that if, as is 
usual in considerations of atomic ordering, the energy 
of the system is described in terms of the sum of inter- 
actions between pairs of atoms, then the interatomic 
interactions in TiO must contain long-range compo- 
nents of considerable importance. 

In the various theoretical treatments of binary AB 
alloys, the pair interaction potential of interest is V(r) 
:½(VAA(r) + V/ZB(r)- 2 VAB(r)} where VAA(r) is the in- 
teraction between two A atoms separated by the vector 
r, and so on. To deal with the ordering of vacancies of 
Ti and O in a TiO lattice, the number of ordering en- 
tities is greater than two and several such energy terms 
must be postulated, with a corresponding increase in 
the complication of the theoretical treatment of the 
ordering process. However, since we are not attempt- 
ing here a quantitative account of the degree of order- 
ing, but are considering only the form of the inter- 
atomic interaction function and the qualitative aspect 
of the diffuse scattering array, it will be sufficient to 
work on the assumption that the simpler situation ap- 
propriate to binary alloys gives a reasonable approxi- 
mation to the essential points in the behaviour of the 
system. 

The fact that TiO is metallic with a high electronic 
conductivity suggests that the source of the long-range 
interatomic interaction may be the electronic energy 
term which has recently been shown to be important 
for the ordering of alloys. In the case of ordered super- 
lattices it has been shown by Sato & Toth (1961) that 
the periodicities of long-period antiphase domain 
superlattices, and the variation of these periodicities 
with electron/atom ratio, may be explained by the re- 
quirement that a Brillouin zone boundary should be 
introduced at, or just inside, the Fermi surface in or- 
der to reduce the energy of the conduction electrons. 
In a more detailed analysis of this concept, Tachiki 
& Teramoto (1966) emphasized the importance of 
nearly flat areas of the Fermi surface, which make the 
most important contributions to this energy term. 

A possible formulation in terms of an interatomic 
energy term, required for considerations of short-range 
order, is suggested by the results of a consideration of 
the perturbations of electron density due to a point 

defect in a metal by Friedel (1954) and others. How- 
ever it is not necessary to consider the case of a dis- 
ordered alloy as an extrapolation of the case of a single 
point defect. This was shown by Krivoglaz & T'u Hao 
(1969) who pointed out that, to second order in per- 
turbation theory, the part of the conduction electron 
energy of an alloy depending on the state of order 
could be effectively expressed as a long-range inter- 
action potential in a pairwise Hamiltonian. The elec- 
tronic contribution to V(r) is long-range and oscillat- 
ory, corresponding to a discontinuity in V(k), the 
Fourier transform of V(r), at the Fermi surface. The 
form of the discontinuity depends on the curvature of 
the Fermi surface (Roth, Zeiger & Kaplan 1966; Kri- 
voglaz, 1969). The spherical, free-electron surface gives 
no more than a logarithmic singularity in the derivative 
of V(k) at k = 2ke and the effect on V(k) is very small. 
A cylindrical portion of the Fermi surface gives a 
radical singularity in V(k). A flat region gives a log- 
arithmic singularity in V(k) for a k vector which spans 
the distance between two flats, and therefore has the 
most profound effect on the effective two-atom inter- 
action potential. 

The relationship of V(k) with the short-range order 
in the system is given by solution of the ordering prob- 
lem, which in its simplest form is equivalent to the 
solution of the three-dimensional Ising problem. Clapp 
& Moss (1966), using their simplified approximate so- 
lution in linear form, derived the relation 

C 
~(k) . . . . . . .  

1 + 2mamBfl V(k) 
where 
fl= 1/KT; K is Boltzmann's constant, and T tempera- 
ture; 
C is a constant; 
ma and mB are the fractions of A and B atoms present 
in the alloy AB. 
e(k) is given by summing the Fourier series with the 
order parameters e(rij) as coefficients and so is pro- 
portional to the diffuse scattering intensity. This sug- 
gests that maxima of diffuse scattering intensity will 
occur at k values corresponding to minima of V(k). 
In other approximate solutions, the constant C 
is replaced by a function of k, but the correlation of 
a maximum in e(k) with a minimum in V(k) remains. 
Hence one would expect that the maxima of diffuse 
scattering for a disordered alloy should correspond to 
the minima in V(k) associated with k vectors joining 
flat regions of the Fermi surface. 

The approximate solutions of the ordering problem 
may be considered accurate only for temperatures well 
above the critical temperature for ordering Te. How- 
ever, because the correlation of scattering intensity 
with the flat areas of the Fermi surface applies both 
for this case and for considerations of ordered super- 
lattices for temperatures below Te, it is reasonable to 
suppose that it might apply for temperatures just above 
Te, as in the present case. 
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Moss (1969) has recently shown that for the case 
of copper-gold alloys there is an excellent correlation 
between the most recent determinations of the shape 
of the Fermi surface with the observed configuration 
of diffuse scattering given by the disordered alloys just 
above the critical temperature. Therefore it may be 
expected that a similar correlation might be found in 
the case of TiO, for it is reasonable to suppose that 
the long-range part of the vacancy interaction has the 
same sort of dependence on the Fermi surface as the 
interatomic interaction in Cu-Au. The TiO case is 
more complicated since there are more ordering en- 
tities and interactions to be considered than in the case 
of binary alloys. However, a recent statistical mechan- 
ical analysis on TiO vacancy ordering, similar to the 
Clapp-Moss analysis, has shown a similar connexion 
between the order parameters and V(k) (Shirley, 1970). 

The Fermi surface of TiO, which we will relate to 
the diffuse scattering, is that for the average NaCl-type 
lattice. In treating the problem from the point of view 
of short-range order theory, we make a considerable 
approximation since, as we have shown, the range of 
ordering in the 'disordered' state may be as great as 
100 A. However, if we assumed ordered superlattices 
to exist over such distances and treated the problem 
in terms of fitting Brillouin zone boundaries, diffuse 
because of the small effective crystal size, to flat por- 
tions of the Fermi surface, the same considerations 
would apply and the results would be the same. 

Comparisons with the Fermi surface for TiO 

The band structure of TiO has been calculated by Ern 
& Switendick (1965) using the augmented plane-wave 
method (APW), but assumed a TiO lattice with no 
vacancies. Hence in addition to the normal limitations 
of the APW method the calculations may be in error 
owing to omitting from consideration the 16.7% va- 
cancies. The calculation of Schoen & Denker (1969) 
used the virtual crystal approximation to allow for the 
presence of vacancies but did not give any Fermi sur- 
face data and so Ern & Switendick's results are used 
here. 

Ern & Switendick assumed the crystal to be com- 
posed ofTi  + ('valency' electrons 3d24s 1) and O-(2s22pS). 
The Ti 3d-4s band is incompletely filled and there is 
a considerable gap between this and the filled oxygen 
2p band. It seems reasonable to assume that the intro- 
duction of art oxygen vacancy removes at the same 
time 5 electrons and 5 states from the 2p band which 
therefore remains full. The introduction of a Ti va- 
cancy removes the one Ti electron and one state from 
the 2p band but also removes two electrons from the 
3d-4s band. Then the number of nearly-free electrons 
in the 3d-4s band depends on the concentration of Ti 
vacancies only. For example, with no vacancies in 
TiOi.0 the 3d-4s band has 2 electrons per TiO pair 
while TiO1.0 with 15% Ti vacancies contains 2 x 0.85 
= 1.70 electrons and TiOl.25, with 22% Ti vacancies 

contains 2 × 0.78 = 1.56 electrons. Thus a progressive 
decrease in the number of electrons in the band is ex- 
pected with increasing oxygen concentration in the 
samples. 

The Fermi surface for non-defective TiO as calcu- 
lated by Ern & Switendick is illustrated in Fig. 8. The 
various bands shown are the overlapping sub-bands, 
each containing 2 electrons when filled. The filled por- 
tions of each are shaded. Although the effect of vacan- 
cies is not known in detail, one would expect a decrease 
irt the shaded areas. However, in order to obtain agree- 
ment with the observed diffuse scattering in the electron 
diffraction patterns, we must postulate that the limit 
of the filled region is as indicated by the dotted lines. 
This represents an increase in two and a decrease in 
one of the filled regions, suggesting that for the TiO~.0 
with no vacancies the filled regions should be even 
more extensive. As well as a shift of the boundaries, 
we have also postulated some changes of curvature to 
produce flatter regions, as seems reasonable. 

The justification for assuming that the dotted lines 
of Fig. 8 represent the Fermi surface for TiOi.0 lies in 
the agreement with the observations on diffuse scat- 
tering for that composition and also with the explana- 
tion it offers for the progressive change in form of the 
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Fig. 7. Sketches of the diffuse scattering from disordered (a) 

TiOi.0, (b) TIO1.19 and (c) TiOl.as. 



J. R. CASTLES,  J. M. COWLEY AND A. E. C. S P A R G O  381 

diffuse scattering as the composition is changed. The 
correlation of vectors between flat, or nearly flat, re- 
gions of the Fermi surface and the vectors from recip- 
rocal-lattice points of the fundamental lattice to diffuse 
maxima is shown by equating numbered vectors in 
Fig. 8 with vectors drawn on sketches of the various 
diffraction patterns in Fig. 7. 

For the TiOx.0 composition, the vector 1 in band 2 
is correlated with the vector 1 from 000 to 100 in the 
(001) and (110) patterns and also gives the diffuse disc 
at the 110 position which bisects the line from the 111 
and 11T reciprocal-lattice points. The vector 2 occurring 
in band 3 is in the [120] reciprocal-lattice direction and 
gives rise to the diffuse maxima around the 100 posi- 
tion as shown in the (001) pattern. 

As the oxygen content increases, it is postulated that 
the vector 2 in band 3 ceases to be effective, and the 
vector 3 in band 1, extending in the [110] direction be- 
tween flat areas, becomes important. This vector gives 
rise to the strong diffuse maxima along the line from 
000 to 220 as indicated in the sketches for (001) pat- 
terns of TiO1.:9 and TiOx.:5. As the titanium vacancy 
concentration increases, the length of the vector 3 de- 
creases slightly as indicated in Table 1. For TiO~.as the 
strength of the spots has decreased, presumably be- 
cause the areas of the Fermi surface joined by vector 3 
have become more curved. 

The prominent pairs of streaks corresponding to the 
intersection of the Ewald sphere with the twin parallel 
discs of diffuse scattering about the 100 position are 
attributed to the vector 1 which decreases in length 
steadily with the number of titanium vacancies, as the 
number of electrons in band 2 is reduced and the 
shaded area of band 2 shrinks. This gives the effect 
that the oval-shaped loops of diffuse scattering seen in 

the (110) and (111) patterns become fatter with in- 
creasing oxygen content. 

From a detailed study of the form of the bands given 
by Ern & Switendick (1965) it is clear that the variation 
of the Fermi surface position, indicated by the change 
in diffuse scattering as the composition is changed 
from TiO1.0 to TiOl.as, is of approximately the right 
magnitude to correspond to a variation of the number 
of electrons per atom pair from 1.70 to 1.56, as ex- 
pected. Also, the observation that the vector 3 changes 
more slowly than vector ! with composition is con- 
sistent with the relative slopes of the theoretical curves 
of band energy v s .  distance along the appropriate lines 
in k space. 

Thus it appears that the idea that the Fermi surface 
is imaged in the diffuse scattering from disordered TiO 
is a reasonable one. Admittedly, the agreement with 
the calculated band structure is not exact, but the 
modifications to the theoretical picture which must be 
made are probably no greater than the uncertainties 
which may arise from the necessary approximations 
made in order to render the calculations feasible. 

D i s c u s s i o n  

The correlation between the diffuse scattering intensity 
distribution and the form of the Fermi surface for dis- 
ordered TiO appears to be sufficiently good to suggest 
that the relationship is a real one. The fact that in the 
case of disordered alloys, for which a much more ac- 
curate picture of the Fermi surface is available, this 
correlation has been shown to be detailed and accurate 
(Moss, 1969) suggests that the form of the diffuse scat- 
tering may be used as a useful check on the accuracy 
of the theoretical Fermi surface where this is known 

": ! !ii:iiii iii!'i!!ili!!i!ii!i!!!!i!!': !i" Band1 i!!iiiiiiiii!.ii]!!! " 
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Fig. 8. The Fermi surface of non-defective TiO calculated by Ern & Switendeck (1965) with the suggested changes indicated by 
the dotted lines. 
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with less precision, as in the case of TiO. It therefore 
appears that by this means useful information may be 
obtained for the study of Fermi surfaces, and hence 
the electronic properties, of any disordered material 
having a high concentration of defects. 

While the present study has been made by electron 
diffraction, the relation between the diffuse scattering 
and the electronic energy term holds for any diffrac- 
tion process which is reasonably close to kinematical. 
The same correlations could be observed for diffrac- 
tion of X-rays or neutrons if suitable single crystal 
specimens are available. Electron diffraction offers the 
advantage of much greater ease in obtaining, observ- 
ing and interpreting single-crystal patterns. The well- 
known occurrence of strong dynamical effects in elec- 
tron diffraction patterns can result in perturbations of 
the diffuse scattering as, for example, by the Kikuchi 
lines visible in several of the diffraction patterns. How- 
ever, it has been argued by Cowley (1965) and shown 
quantitatively by the detailed calculations of Fisher 
(1969) that in the case of diffuse scattering from vacan- 
cies or substitutional disorder the dynamical effects 
result only in multiplication of the kinematical inten- 
sities by a monotonically varying function which does 
not distort the detailed configuration of the diffuse 
scattering. Discrepancies in the intensities of corre- 
sponding points on diffraction patterns of different 
orientations can be noticed - for example, at the 100 
position in Fig. 4(a) and (b) as discussed previously. 
These may be due to dynamical diffraction effects but 
it is also possible that the intensity differences reflect 
that the diffraction patterns were obtained from dif- 
ferent specimens (cut from the same material) which 
could have been subject to slightly different quenching 
rates. Since it is the geometrical distribution of the dif- 
fuse scattering that is of interest here, these discrepan- 
cies are of little concern. 

It is interesting to speculate that the variation of the 
form of the Fermi surface which we have deduced 
from the diffuse scattering configuration for TiO may 
have some bearing on the variation of various electrical 
properties of the material. For example, it appears that 
for TiO1.0 we must make use of vector 2 in band 3, 
rather than vector 3 in band 1 which is involved for 
higher oxygen concentrations. This implies that a 
change in the portions of the Fermi surface which are 
important in this respect, and possibly for other inter- 
actions of electrons with the lattice, takes place at 
around 50 % oxygen. It has been observed, in fact, by 
Banus & Reed (1969) that there was a change in sign 
of the temperature coefficient of resistivity of TiO as 
the composition changed from TiO1.0 to oxygen-rich 
compositions. Also, the Seebeck coefficient changes 
sign and the graph of susceptibility vs. composition 
changes slope at the TiO1.0 composition. 

From the structural point of view, the observations 
of the diffuse scattering are of interest in shedding con- 
siderable light on the nature of the disordered state 
for TiO and on the transition from short-range to long- 

range order. In general there is little correlation be- 
tween the positions of the diffuse maxima for the high 
temperature phase and the positions of the sharp spots 
from the ordered superlattices. This suggests that the 
electronic energy terms are largely responsible for the 
configurations of diffuse scattering whereas the re- 
quirements of a periodic structure with reasonable-size 
unit cells limit the possible positions for the sharp spots. 

Partial exceptions, showing some correlation be- 
tween sharp and diffuse spot positions, occur for the 
limiting compositions TiO1.0 and TiOl.a5 which, sig- 
nificantly, correspond to the two compositions having 
fully ordered superlattices at low temperatures. For 
TiO1.0 the four diffuse spots around the 100 positions 
in Fig. 4(a) are close to the four corresponding sharp 
spots of Fig. 1. For TiOl.a5 the four sharp spots around 
100 in Fig. 2 lie close to the two diffuse streaks about 
100 for the disordered material [Fig. 6(a)]. In fact, weak 
diffuse lines may be seen joining the spots of Fig. 2 
forming part of the same configuration as in Fig. 6(a). 

The correlation between the minima of V(k), indi- 
cated by diffuse scattering maxima, and the likely posi- 
tions for sharp superlattice reflexions has been em- 
phasized for the case of alloys by Clapp & Moss 
(1968). The implication is that the long-range electronic 
interactions will tend to determine the form of the 
superlattice by providing minima of V(k) but the su- 
perlattice structure is limited by considerations of the 
basic symmetry and detailed interatomic configura- 
tions determined by the strong short-range interac- 
tions. 

In this respect the observation of the transition struc- 
ture as an intermediate stage between ordered and dis- 
ordered TiO over a large range of composition is inter- 
esting. Here ordering has taken place only to the extent 
of restricting the vacancies to every third (110) atomic 
plane. The four resulting spots about the 110 position 
in Fig. 3 are close to, but not coincident with, the four 
diffuse spots in this configuration which appear strong- 
ly for all compositions of the disordered material ex- 
cept for the limiting cases of TiO1.0 and TiO~.25. Hence 
it appears that ordering takes place first in such a way 
that the superlattice spots come as close as possible 
to the most important minima of V(k). 

It is notable, however, that the four spots about 110 
are not minima of V(k) for TiOi.0. In this case there 
is a strong minimum at the 110 position itself, but there 
are also minima at the four positions about 100 at the 
ends of the diffuse arcs [Fig. 4(a)]. Upon ordering, 
superlattice spots occur at these latter four positions 
and, because of the requirement that the reciprocal 
lattices of ordered structures be periodic, superlattice 
spots occur also at the four corresponding positions 
about 110 (i .e.  where the transition structure spots lie) 
despite the fact that these positions are not V(k) min- 
ima. (See the ordered TiO1.0 (001) pattern, Fig. 1.) 

All these considerations re-emphasize the general 
principle that to obtain empirical information on pair- 
wise interactions between atoms in crystals the most 
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informative approach is the study of diffuse scattering 
from disordered material. Information from ordered 
states is less informative because the requirements of 
the periodic structure limit the possible atomic ar- 
rangements. 
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Rigid-Body Motion in Phosphorus Chalcogenides 
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The thermal parameters ot P4Ss, P4S7, P4S 10 and P4Ses have been analysed on the basis of the rigid-body 
hypothesis, using both Cruickshank's and Shomaker & Trueblood's methods. For these compounds, 
at least with the data at present available, the fit to the rigid-body model is only moderate, and there is 
no significant difference in the results of the two methods. Librational corrections to bond lengths have 
been calculated. 

Introduction 

Considerable interest has been shown over the last few 
years in analysing the thermal motion of molecules in 
crystals on the assumption that they are, to a reason- 
able approximation, moving as rigid bodies. 

In his original paper, Cruickshank (1956) attempted 
to describe this motion in terms of two symmetric 

tensors, T and co, representing the mean-square 
translational vibrations of the mass centre and the 
mean-square angular oscillations (librations) respec- 
tively. The chief problem here is the choice of the 
centre of libration when this is not determined by 
symmetry, though in many cases a reasonable ap- 
proximation may be the centre of mass. 

Pawley (1963) and others attempted to solve this 
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